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Additive A{@C@} = A{} + A{@} + A{@)}

valuations = 0+1+1 =2
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Envy can be eliminated by removing some good in the envied bundle.

My bundle is better @ @
if (A) is removed A , 1 ,

My bundle is better

if (C) is removed ﬁ

Allocation A = (A4,...,A,) is EF1 if for every pair of agents i, k,
there exists a good j € Ay such that v;(A;) > v;(Ar \ {j}).

@ Guaranteed to exist and efficiently computable



Last Time

Algorithms for finding an EF1 allocation

‘,@cﬁ } e

Additive valuations
(Round-robin algorithm)




A trivial way of achieving fairness: Don't allocate anything!

A bare minimum efficiency requirement: Completeness




WHEN A COMPLETEALLOCATION

SIMPLY ISNTIENOUGH
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Strictly improving someone without hurting anyone else
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Pareto Optimality

To make someone better off, someone else must be made worse off.

» ©
SN 41 2
SN\ 11 s

Allocation B Pareto improves A if I I l

Allocation A is Pareto optimal (PO) if no other allocation B Pareto improves it.

@ Guaranteed to exist and efficiently computable



Is EF1 compatible with Pareto optimality?
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Another natural strategy for EF1+PO

Start with an EF1 allocation, and repeatedly
make Pareto improvements to it.




Another natural strategy for EF1+PO

Start with an EF1 allocation, and repeatedly
make Pareto improvements to it.

Exercise: Pareto improvement can fail to preserve EF1.
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A Nash optimal allocation is one that maximizes Nash social welfare.”




Nash Social Welfare

[Nash, 1950; Kaneko and Nakamura, 1979]

NSW(A) = (vl(Al) v2(Az) - . -Un(An))

n ® © A

T

2} 1 2 4

£\
£\

NSW = 2 NSW =5

£\
/A

A Nash optimal allocation is one that maximizes Nash social welfare.”

*If optimal is 0, then find any largest set of agents who can simultaneously be given positive utility
and maximize the geometric mean with respect to only those agents.
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T

NSW(A) = (‘Ul(ﬂl) -vg(Ag) - .. .fun(An))

Pareto improvement strictly improves NSW.
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[Caragiannis, Kurokawa, Moulin, Procaccia, Shah, and Wang, TEAC 2019]

Any Nash optimal allocation satisfies Pareto optimality (PO) and
envy-freeness up to one good (EF1).

Why EF17?
Let A be a Nash optimal allocation.

Suppose, for contradiction, that Ais not EF1.

for some agents ¢, k and every g € Ay, v;(A4;) < v;(Ax \ {9})

Let g* € arg minge 4, 0, (g0 0k ({9})/v:({g}),

Does such a good g* always exist?
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vi(B;) = vi(A;) +vi(g")
vk (Br) = ve(Ag) — vr(g™)

We will show that NSW(B) > NSW(A).
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Ok, so an EF1+PO allocation always exists.

But what about computation?
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Can a Nash optimal allocation be efficiently computed?
[Nguyen, Nguyen, Roos, and Rothe, JAAMAS 2014; Lee, IPL. 2017]
Maximizing Nash social welfare is APX-hard.

 Even for bounded valuations

Can an EF1+PO allocation be efficiently computed?

[Barman, Krishnamurthy, and Vaish, EC 2018]

An EF1+PO allocation can be computed in pseudopolynomial time.

* Running time depends on v;;'s rather than log v;;'s

* Polynomial time for bounded valuations

* A 0.69-approximation to Nash social welfare objective
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Next Time

Envy-freeness up to
any good (EFX)




Quiz




Quiz

Construct an instance and an allocation A for that instance
such that A maximizes Nash welfare but not egalitarian welfare.

Egalitarian welfare of an allocation = utility of the least-happy agent
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